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Overview
• Basic understanding of how axion haloscopes work.


• Equivalent circuit for the axion haloscope.


• Computing the sensitivity of the axion haloscope.


• Computing the doppler shift of the axion signal.


• Overview of coupled oscillators.
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above ground

• Dil Fridge: Reaches 
~100 mK


• Superconducting 
magnet: 

~can reach up to 8 T


• Quantum electronics: 
Josephson Parametric 
Amplifier (JPA)


• Field cancellation coil


• Microwave cavity and 
electronics


9

ADMX 300 K

9/5/21



•When looked at from any one pair of terminals, any arbitrary circuit made of 
ideal impedances and generators is, at any given frequency, equivalent to a 
generator epsilon in series with an impedance z.

Equivalent circuit model for axion detectors

Equivalent circuit of a cavity 


is an RLC circuit!



Equivalent circuit model for axion detectors
In a cavity axion detector the source is the axion 
field coupling to modes in the resonant cavity.



Equivalent circuit model for axion detectors

L =
L

2
q̇2 � 1

2C
q2 + qV (t)

<latexit sha1_base64="OPgWpgCa1xC0BeQbrgVOJGdGBqc=">AAACFXicbZDLSgMxFIYz9VbrrerSzWARKmqZKQV1IRS7cdFFBXuBdloyacaGZi5NzghlmJdw46u4caGIW8Gdb2PazkJbfwj8fOecJOe3A84kGMa3llpaXlldS69nNja3tneyu3sN6YeC0DrxuS9aNpaUM4/WgQGnrUBQ7NqcNu1hZVJvPlAhme/dwTiglovvPeYwgkGhXva0etVxBCZRNY6KcafvQzSKu8WzGTQVrMSjbvFk1MjDcS+bMwrGVPqiMROTQ4lqveyXupGELvWAcCxl2zQCsCIsgBFO40wnlDTAZIjvaVtZD7tUWtF0q1g/UqSvO75QxwN9Sn9PRNiVcuzaqtPFMJDztQn8r9YOwbmwIuYFIVCPzB5yQq6Dr08i0vtMUAJ8rAwmgqm/6mSAVR6ggsyoEMz5lRdNo1gwS4XL21KufJ3EkUYH6BDlkYnOURndoBqqI4Ie0TN6RW/ak/aivWsfs9aUlszsoz/SPn8AjRGebQ==</latexit>

Write out the Lagrangian for the circuit



Equivalent circuit model for axion detectors

L =
L

2
q̇2 � 1

2C
q2 + qV (t)

<latexit sha1_base64="OPgWpgCa1xC0BeQbrgVOJGdGBqc=">AAACFXicbZDLSgMxFIYz9VbrrerSzWARKmqZKQV1IRS7cdFFBXuBdloyacaGZi5NzghlmJdw46u4caGIW8Gdb2PazkJbfwj8fOecJOe3A84kGMa3llpaXlldS69nNja3tneyu3sN6YeC0DrxuS9aNpaUM4/WgQGnrUBQ7NqcNu1hZVJvPlAhme/dwTiglovvPeYwgkGhXva0etVxBCZRNY6KcafvQzSKu8WzGTQVrMSjbvFk1MjDcS+bMwrGVPqiMROTQ4lqveyXupGELvWAcCxl2zQCsCIsgBFO40wnlDTAZIjvaVtZD7tUWtF0q1g/UqSvO75QxwN9Sn9PRNiVcuzaqtPFMJDztQn8r9YOwbmwIuYFIVCPzB5yQq6Dr08i0vtMUAJ8rAwmgqm/6mSAVR6ggsyoEMz5lRdNo1gwS4XL21KufJ3EkUYH6BDlkYnOURndoBqqI4Ie0TN6RW/ak/aivWsfs9aUlszsoz/SPn8AjRGebQ==</latexit>

Write down the dissipative term from the resistor

F =
1

2
Rq̇2

<latexit sha1_base64="BR7yJ9YtE8l3gAi2ilHG9dRjuG8=">AAACAHicbVDLSgMxFL1TX7W+Rl24cBMsgqsyUwrqQigK4rKKbYV2LJk004ZmMmOSEcowG3/FjQtF3PoZ7vwb08dCWw8EDufcw809fsyZ0o7zbeUWFpeWV/KrhbX1jc0te3unoaJEElonEY/knY8V5UzQumaa07tYUhz6nDb9wcXIbz5SqVgkbvUwpl6Ie4IFjGBtpI69d3nWDiQmqZul5eym3Y10+pDdlzt20Sk5Y6B54k5JEaaodewvkyVJSIUmHCvVcp1YeymWmhFOs0I7UTTGZIB7tGWowCFVXjo+IEOHRumiIJLmCY3G6u9EikOlhqFvJkOs+2rWG4n/ea1EBydeykScaCrIZFGQcKQjNGoDdZmkRPOhIZhIZv6KSB+bPrTprGBKcGdPnieNcsmtlE6vK8Xq+bSOPOzDARyBC8dQhSuoQR0IZPAMr/BmPVkv1rv1MRnNWdPMLvyB9fkDdaKWWQ==</latexit>



Equivalent circuit model for axion detectors

Write down the Euler-Lagrange Equation

d

dt

✓
@L

@q̇

◆
� @L

@q
+

@F

@q̇
= 0

<latexit sha1_base64="m633KB+3PvdZGpAqUj2h5E4Viw8="></latexit>



Equivalent circuit model for axion detectors

And compute it…

Lq̈ � q

C
+ V (t) +Rq̇ = 0

<latexit sha1_base64="Wf0GDNCGgijU+7MuTWLPsYRtBg0=">AAACDnicbVC7SgNBFJ2NrxhfUUubwRCIBMOuBNRCCKaxsIhiHpCEMDuZTYbMPpy5K4Rlv8DGX7GxUMTW2s6/cZJsoYkHBg7n3MOde+xAcAWm+W2klpZXVtfS65mNza3tnezuXkP5oaSsTn3hy5ZNFBPcY3XgIFgrkIy4tmBNe1Sd+M0HJhX3vTsYB6zrkoHHHU4JaKmXzV93+n0fovv4uONIQjWJqnGxUYCj4m1n5lyYvWzOLJlT4EViJSSHEtR62S+dpaHLPKCCKNW2zAC6EZHAqWBxphMqFhA6IgPW1tQjLlPdaHpOjPNa6WPHl/p5gKfq70REXKXGrq0nXQJDNe9NxP+8dgjOWTfiXhAC8+hskRMKDD6edIP7XDIKYqwJoZLrv2I6JLoV0A1mdAnW/MmLpHFSssql85tyrnKZ1JFGB+gQFZCFTlEFXaEaqiOKHtEzekVvxpPxYrwbH7PRlJFk9tEfGJ8/vPGb6g==</latexit>



• The Lagrangian describing the coupling of the axion to the electric and 
magnetic fields is as follows:

Equivalent circuit model for axion detectors

L = �✏0ga��a ~E· ~B

<latexit sha1_base64="b34ABWwYWN3c+QlF4icfeo93Nwg="></latexit>



• The Lagrangian describing the coupling of the axion to the electric and 
magnetic fields is as follows:

Equivalent circuit model for axion detectors

L = �✏0ga��a ~E· ~B

<latexit sha1_base64="b34ABWwYWN3c+QlF4icfeo93Nwg="></latexit>

q(t)V (t) = �ga��a(t)c✏0

Z

V
dV ~E(~x, t) · ~B(~x, t)

<latexit sha1_base64="4X02v9a5icLO+wFExU4PF3MMu7w="></latexit>

Integral of this over the cavity 
volume is equal to the source in 

the equivalent circuit



• Compute the form factor.

• Form factor is the overlap of the electric and magnetic fields.

• Can you think of different ways to manipulate the form factor?

Equivalent circuit model for axion detectors

fnlm =

⇣R
V

~E(~x, t) · ~z
⌘2

V
R
V dV ✏rE2

<latexit sha1_base64="QbAv9GxbENFJlTsZR7c6e+TF+ks="></latexit>



Z

V
dV ~E(~x, t) · ~z = q

r
fnlmV

✏0C

<latexit sha1_base64="P60cCPxsyASdbGs/z/atT/ejbys="></latexit>

fnlm =

⇣R
V

~E(~x, t) · ~z
⌘2

V
R
V dV ✏rE2

<latexit sha1_base64="QbAv9GxbENFJlTsZR7c6e+TF+ks="></latexit>

q2

2C
=

✏0
2

Z

V
dV ✏rE

2

<latexit sha1_base64="7Xhze0rFyEsNpGQrLkbxPEnl9P8=">AAACI3icbZDLSgMxFIYz9VbrbdSlm2ARXJWZoeAFhGIRXFawF+i0JZPJtKGZzJhkhDLMu7jxVdy4UIobF76L6QXR1gOBP99/Dsn5vZhRqSzr08itrK6tb+Q3C1vbO7t75v5BQ0aJwKSOIxaJlockYZSTuqKKkVYsCAo9RpresDrxm49ESBrxezWKSSdEfU4DipHSqGdeuoFAOH3oOlnqVLOr2dUlsaRM+5ammUu56qWNzG/8cHHTdXpm0SpZ04LLwp6LIphXrWeOXT/CSUi4wgxJ2batWHVSJBTFjGQFN5EkRniI+qStJUchkZ10umMGTzTxYRAJfbiCU/p7IkWhlKPQ050hUgO56E3gf147UcF5J6U8ThThePZQkDCoIjgJDPpUEKzYSAuEBdV/hXiAdEpKx1rQIdiLKy+LhlOyy6WLu3Kxcj2PIw+OwDE4BTY4AxVwC2qgDjB4Ai/gDbwbz8arMTY+Zq05Yz5zCP6U8fUNzVSlnw==</latexit>

Equivalent circuit model for axion detectors

Form factor Charge - Energy density 
relationship



V (t) = �ga��cB0

r
fnlmV ✏0

C
a(t)

<latexit sha1_base64="4KmR221O11AeOvdYmUm1WpAXtsY="></latexit>

q(t)V (t) = �ga��a(t)c✏0B0

Z

V
dV ~E(~x, t) · ~z

<latexit sha1_base64="HmGCrJ3TnPEK0Dldho65zFcwLoI="></latexit>

Equivalent circuit model for axion detectors
Z

V
dV ~E(~x, t) · ~z = q

r
fnlmV

✏0C

<latexit sha1_base64="P60cCPxsyASdbGs/z/atT/ejbys="></latexit>

Substitute that equation into the 
equation for the source term



P =
hV 2(t)i

R
= g2a��c

2✏0B
2
0V fnlm

1

RC
ha2(t)i

<latexit sha1_base64="VdrcgBh32gq6m5Ctf40F5rvqfYI="></latexit>

V (t) = �ga��cB0

r
fnlmV ✏0

C
a(t)

<latexit sha1_base64="4KmR221O11AeOvdYmUm1WpAXtsY="></latexit>

Equivalent circuit model for axion detectors

We know that Power = V2/R, so let’s compute the power!



P =
hV 2(t)i

R
= g2a��c

2✏0B
2
0V fnlm

1

RC
ha2(t)i

<latexit sha1_base64="VdrcgBh32gq6m5Ctf40F5rvqfYI="></latexit>

Q =
1

R

r
L

C

<latexit sha1_base64="mZAdY1+p4r052W3j1/wOkCWHPrk=">AAACHHicbZDLSsNAFIYn9VbrLerShcEiuCqJFNSFUOzGhYtW7AWaUCbTSTt0MokzJ0IJWfoavoBbfQN34lbwBXwOp5eFtv4w8POfczhnPj/mTIFtfxm5peWV1bX8emFjc2t7x9zda6ookYQ2SMQj2faxopwJ2gAGnLZjSXHoc9ryh9VxvfVApWKRuINRTL0Q9wULGMGgo655WL90A4lJ6mTpbeaqewnpNLjJ0mqWdc2iXbInshaNMzNFNFOta367vYgkIRVAOFaq49gxeCmWwAinWcFNFI0xGeI+7WgrcEiVl04+klnHOulZQST1E2BN0t8TKQ6VGoW+7gwxDNR8bRz+W/MlHlKY2w7BuZcyESdABZkuDxJuQWSNSVk9JikBPtIGE8n0/RYZYI0GNM+CBuPMY1g0zdOSUy5d1MvFytUMUR4doCN0ghx0hiroGtVQAxH0iJ7RC3o1now34934mLbmjNnMPvoj4/MH4y6i4w==</latexit>

!0 =
1p
LC

<latexit sha1_base64="W/tVOWIuQoryXwfH/sJRYsu9Duw=">AAACGXicbZC7SgNBFIZn4y3GW9RSi8UgWIVdCaiFEExjYRHBXCAbwuzkbDJk9uLMWSEs2/gavoCtvoGd2Fr5Aj6Hk2QLTfxh4Oc/53DOfG4kuELL+jJyS8srq2v59cLG5tb2TnF3r6nCWDJosFCEsu1SBYIH0ECOAtqRBOq7AlruqDaptx5AKh4GdziOoOvTQcA9zijqqFc8dEIfBrRnXTqepCyx08RR9xKTm1qa9oolq2xNZS4aOzMlkqneK347/ZDFPgTIBFWqY1sRdhMqkTMBacGJFUSUjegAOtoG1AfVTaa/SM1jnfRNL5T6BWhO098TCfWVGvuu7vQpDtV8bRL+W3MlHQHObUfvvJvwIIoRAjZb7sXCxNCcYDL7XAJDMdaGMsn1/SYbUk0INcyCBmPPY1g0zdOyXSlf3FZK1asMUZ4ckCNyQmxyRqrkmtRJgzDySJ7JC3k1now34934mLXmjGxmn/yR8fkDxDehLg==</latexit>

1

RC
= !0Q

<latexit sha1_base64="HFIeli8QOb+SkmU2pbpbNt1H05k=">AAACE3icbZDLSsNAFIYn9VbrLSq4cRMsgquSSEFdCMVuXLZiL9CEMpmetENnkjAzEUrMY/gCbvUN3IlbH8AX8Dmctllo6w8Hfv5zDufw+TGjUtn2l1FYWV1b3yhulra2d3b3zP2DtowSQaBFIhaJro8lMBpCS1HFoBsLwNxn0PHH9Wm/8wBC0ii8V5MYPI6HIQ0owUpHffPIDQQmqZOld/Xs2o04DHHfbvbNsl2xZ7KWjZObMsrV6Jvf7iAiCYdQEYal7Dl2rLwUC0UJg6zkJhJiTMZ4CD1tQ8xBeuns/8w61cnACiKhK1TWLP29kWIu5YT7epJjNZKLvWn4b88XeAxq4boKLr2UhnGiICTz40HCLBVZU0DWgAogik20wURQ/b9FRlhDUhpjSYNxFjEsm/Z5xalWrprVcu0mR1REx+gEnSEHXaAaukUN1EIEPaJn9IJejSfjzXg3PuajBSPfOUR/ZHz+AEBjnis=</latexit>

P = g2a��c
2✏0B

2
0V fnlm!oQ ha2(t)i

<latexit sha1_base64="TyKn3KmBjConq0qVgOEapXiganA="></latexit>

Equivalent circuit model for axion detectors

Substitute in the definition of quality factor and resonant 
frequency for an RLC circuit

High Q —> Higher Probability of Photon/Axion Bounces —> Higher Conversion Rate



P = g2a��c
2✏0B

2
0V fnlm!oQ ha2(t)i

<latexit sha1_base64="TyKn3KmBjConq0qVgOEapXiganA="></latexit>

ha2(t)i = ⇢a~2
m2

ac

<latexit sha1_base64="b8TTWCY1Y/2VnymUKyUMB3M8nqs=">AAACKXicbZDLSsNAFIYnXmu9VV26CRZBQUoSCupCKLpxWcGqYNJwMp2YoZMLMydCCXkJX8MXcKtv4E7dCj6H08tCqz8M/PznHM6cL8gEV2hZ78bM7Nz8wmJlqbq8srq2XtvYvFJpLinr0FSk8iYAxQRPWAc5CnaTSQZxINh10D8b1q/vmVQ8TS5xkDEvhruEh5wC6sivHbiBhD7DArrOHu6XJ24ogRaujFIf3CgA2XXKIu46PtDSr9WthjWS+dfYE1MnE7X92pfbS2keswSpAKVubStDrwCJnApWVt1csQxoH+7YrbYJxEx5xeiq0tzVSc8MU6lfguYo/TlRQKzUIA50ZwwYqenaMPy3Nr54ajuGR17BkyxHltDx8jAXJqbmEJvZ45JRFANtgEqu/2/SCDQq1HCrGow9jeGvuXIadrNxfNGst04niCpkm+yQPWKTQ9Ii56RNOoSSB/JEnsmL8Wi8Gm/Gx7h1xpjMbJFfMj6/ARhtp40=</latexit>

Equivalent circuit model for axion detectors

P = g2a��c
2✏0B

2
0V fnlm!oQ ha2(t)i

<latexit sha1_base64="TyKn3KmBjConq0qVgOEapXiganA="></latexit>



g2a��⇢a
m2

a

= (3.64⇥10�19)2eV�4(3.44⇥10�6)eV4 = 4.56⇥10�43

<latexit sha1_base64="KdTKDHFXpviOx66wTZ2x/c4pchU="></latexit>

Equivalent circuit model for axion detectors

P = (2.86⇥10�42)c2✏0B
2
0V fnlmfaQ

<latexit sha1_base64="xMDtWUmKC1Qhuco103jkozpF6Tg="></latexit>

ga��(GeV�1) = 10�7GeV�1

✓
Ma

0.62 eV

◆
↵g�
⇡

<latexit sha1_base64="lS8MVL+U5NaNiDdCl1btRTmN2qA="></latexit>

P = g2a��c
2✏0B

2
0V fnlm!oQ ha2(t)i

<latexit sha1_base64="TyKn3KmBjConq0qVgOEapXiganA="></latexit>



Power in terms of physical parameters of the receiver

Pa!� = 1.52⇥10
�21

W

✓
V

220`

◆✓
B

7.6T

◆2

fnlm
⇣ g�
0.97

⌘2
✓

⇢a
0.45GeV/cc

◆✓
fa

750MHz

◆✓
Q

70, 000

◆

<latexit sha1_base64="0WbnP1Kdt1aemupFyyrIzP/xELM="></latexit>

Form Factor

Cavity Volume

Magnetic Field

Model Dependent Term

Dark Matter Density

Axion Frequency

Quality



Signal-to-noise
• Johnson noise = thermal noise associated with the resistance of the 

cavity walls


• Assume total noise may be modeled as Johnson noise at some 
effective temperature Tsys


• Aka, the amplitude distribution of the noise voltage within a 
bandwidth b is Gaussian


• Noise power is proportional to the variance of this voltage distribution


• Standard error of the variance of a Gaussian gives us:

�PN =

r
2

n� 1
kBTsys�⌫

<latexit sha1_base64="6eGuiAPTRk6OoEUSj9t0DeVI9s8="></latexit>

n = 2�⌫⌧

<latexit sha1_base64="9WkoL01xyKUY4zLwzt4mV/6WDsM=">AAAB/XicbVDLSsNAFJ3UV42v+Ni5CRbBVUmKoC6KRV24rGAf0IQymU7aoZNJmLkRaij+iiAuFHHrJ7h3I/6N09aFth64cDjnXu69J0g4U+A4X0Zubn5hcSm/bK6srq1vWJtbdRWnktAaiXksmwFWlDNBa8CA02YiKY4CThtB/3zkN26oVCwW1zBIqB/hrmAhIxi01LZ2RLmUeReUAx5mnkiHHuC0bRWcojOGPUvcH1I4fTfLycOnWW1bH14nJmlEBRCOlWq5TgJ+hiUwwunQ9FJFE0z6uEtbmgocUeVn4+uH9r5WOnYYS10C7LH6eyLDkVKDKNCdEYaemvZG4n9eK4Xw2M+YSFKggkwWhSm3IbZHUdgdJikBPtAEE8n0rTbpYYkJ6MBMHYI7/fIsqZeK7mHx5MopVM7QBHm0i/bQAXLREaqgS1RFNUTQLbpHT+jZuDMejRfjddKaM35mttEfGG/fJpqYtA==</latexit>

�PN =
kBTsys�⌫p

�⌫⌧

<latexit sha1_base64="yhA6mfpVGP+51Fh8TqpRNGnxwCY="></latexit>

Example synthetic candidate spectra N is the number of independent samples 
drawn from the Gaussian distribution



Computing the scan speed and sensitivity

Maximize Minimize

• B Field


• Volume


• Quality Factor


• Form Factor

• System noise: 


• Amplifier Noise


• Physical Noise

Can’t Control

• Frequency


• Coupling


• Dark Matter Density



Computing the scan speed and sensitivity

Maximize Minimize

• B Field


• Volume


• Quality Factor


• Form Factor

• System noise: 


• Amplifier Noise


• Physical Noise

Can’t Control

• Frequency


• Coupling


• Dark Matter Density

Assume we want to cover a frequency range of 220 MHz in 6 months. What 
physical temperature is needed?

Tsys = Tamp + Tphys

<latexit sha1_base64="Njh8K1wWoaJ8/x7p+w+i0TQsbPQ=">AAACHHicbVDLSsNAFJ3UV62vqEs3g0UQhJJoQV0IRTcuK/QFbQiT6aQdOpOEmYkQQj7Ejb/ixoUiblwI/o2TNovaemDgcM65zL3HixiVyrJ+jNLK6tr6RnmzsrW9s7tn7h90ZBgLTNo4ZKHoeUgSRgPSVlQx0osEQdxjpOtN7nK/+0iEpGHQUklEHI5GAfUpRkpLrnnRctMBR2oseCoTmWU3cwLiUZadzQnROI+4ZtWqWVPAZWIXpAoKNF3zazAMccxJoDBDUvZtK1JOioSimJGsMogliRCeoBHpaxogTqSTTo/L4IlWhtAPhX6BglN1fkJvKWXCPZ3Mt5SLXi7+5/Vj5V85KQ2iWJEAzz7yYwZVCPOm4JAKghVLNEFYUL0rxGMkEFa6z4ouwV48eZl0zmt2vXb9UK82bos6yuAIHINTYINL0AD3oAnaAIMn8ALewLvxbLwaH8bnLFoyiplD8AfG9y9n6aQW</latexit>



Axion Search Challenge

High Frequency Smaller Volume Slower Scan Rate

Power-combining multiple cavities is one idea.

Can you think of more?


(If you do maybe you will find the axion first and 
get the Nobel Prize…)



• Can be used to further 
discriminate power 
excesses.


• High resolution analyses 
sensitive to the frequency 
shift.

Doppler shift of the axion
Motion of the earth through:

galaxy + orbital + rotational motion = axion doppler shift

Energy

Pr
ob

ab
ilit

y





Can compute the frequency shift

hf = mac
2 + (1/2)ma~v · ~v

<latexit sha1_base64="dvyCrbHHFe+QaEDY2HGoVXuSEDg=">AAACJnicbZDLSsNAFIYn9VbrLerSzWApVISalIK6EIpuXFawF2himEwn7dDJhZlJoYQ8gS/i1q2+gzsRd659CidtFrZ6YODj/8+ZM/O7EaNCGsanVlhZXVvfKG6WtrZ3dvf0/YOOCGOOSRuHLOQ9FwnCaEDakkpGehEnyHcZ6brjm8zvTggXNAzu5TQito+GAfUoRlJJjl4ZeVe+g/BD/bRqntVPFFsTgpNJauFBKHN29LJRM2YF/4KZQxnk1XL0b2sQ4tgngcQMCdE3jUjaCeKSYkbSkhULEiE8RkPSVxggnwg7mX0nhRWlDKAXcnUCCWfq74kE+UJMfVd1+kiOxLKXif95/Vh6F3ZCgyiWJMDzRV7MoAxhlg0cUE6wZFMFCHOq3grxCHGEpUpwYQvMLufCEzAtqXDM5Sj+QqdeMxu1y7tGuXmdx1QER+AYVIEJzkET3IIWaAMMHsEzeAGv2pP2pr1rH/PWgpbPHIKF0r5+ADjapVQ=</latexit>

~v = ~va � ~vdet

<latexit sha1_base64="rk/CN4iqHMc0PHGSp+OU/VPOu9g=">AAACIHicbVDLSgMxFM3UV62vqksXBovgxjIjBXUhFN24rGAf0A5DJnOnDc08SDKFMszSH3HrVv/BnbjUT/ArTNtZ2NYDIYdz7iM5bsyZVKb5ZRRWVtfWN4qbpa3tnd298v5BS0aJoNCkEY9ExyUSOAuhqZji0IkFkMDl0HaHdxO/PQIhWRQ+qnEMdkD6IfMZJUpLTvm4NwKajrKb2e2Q7DxXnNQDlTnlilk1p8DLxMpJBeVoOOWfnhfRJIBQUU6k7FpmrOyUCMUoh6zUSyTEhA5JH7qahiQAaafTj2T4VCse9iOhT6jwVP3bkZJAynHg6sqAqIFc9Cbif143Uf6VnbIwThSEdLbITzhWEZ6kgj0mgCo+1oRQwfRbMR0QQajS2c1twZPhQvoSZyUdjrUYxTJpXVStWvX6oVap3+YxFdEROkFnyEKXqI7uUQM1EUVP6AW9ojfj2Xg3PozPWWnByHsO0RyM718sTaRy</latexit>

Relative velocity of the axion flow and detector

Detector velocity


~vdet = ~vJ + ~ve+ ~vU

<latexit sha1_base64="qEMb0YWJuV3B4Qmvyz1thZHbODk=">AAACNXicbVDLSgMxFM34tr6qLt0EiyAIZUYK6kIQ3bisYFVoy5DJ3KnBzGRI7hTKMD/ij7h1q3/gwp24cOMvmLaj+DoQODnnPpITpFIYdN0nZ2Jyanpmdm6+srC4tLxSXV27MCrTHFpcSaWvAmZAigRaKFDCVaqBxYGEy+DmZOhf9kEboZJzHKTQjVkvEZHgDK3kVxudPvC8X/h5CFgcft06geipUGFR2Sk1+CR+y6/W3Lo7Av1LvJLUSImmX33rhIpnMSTIJTOm7bkpdnOmUXAJRaWTGUgZv2E9aFuasBhMNx/9rqBbVglppLQ9CdKR+r0jZ7ExgziwlTHDa/PbG4r/ee0Mo/1uLpI0Q0j4eFGUSYqKDqOiodDAUQ4sYVwL+1bKr5lmHG2gP7bQ4XBtIkOLig3H+x3FX3KxW/ca9YOzRu3ouIxpjmyQTbJNPLJHjsgpaZIW4eSW3JMH8ujcOc/Oi/M6Lp1wyp518gPO+wfM3a1z</latexit>

220 km/s 30 km/s

0.3 km/s

Speed of the sun around galaxy Speed of the earth around the sun

Speed of the detector (Seattle) on the surface of earth



Can compute the frequency shift

hf = mac
2 + (1/2)ma~v · ~v

<latexit sha1_base64="dvyCrbHHFe+QaEDY2HGoVXuSEDg=">AAACJnicbZDLSsNAFIYn9VbrLerSzWApVISalIK6EIpuXFawF2himEwn7dDJhZlJoYQ8gS/i1q2+gzsRd659CidtFrZ6YODj/8+ZM/O7EaNCGsanVlhZXVvfKG6WtrZ3dvf0/YOOCGOOSRuHLOQ9FwnCaEDakkpGehEnyHcZ6brjm8zvTggXNAzu5TQito+GAfUoRlJJjl4ZeVe+g/BD/bRqntVPFFsTgpNJauFBKHN29LJRM2YF/4KZQxnk1XL0b2sQ4tgngcQMCdE3jUjaCeKSYkbSkhULEiE8RkPSVxggnwg7mX0nhRWlDKAXcnUCCWfq74kE+UJMfVd1+kiOxLKXif95/Vh6F3ZCgyiWJMDzRV7MoAxhlg0cUE6wZFMFCHOq3grxCHGEpUpwYQvMLufCEzAtqXDM5Sj+QqdeMxu1y7tGuXmdx1QER+AYVIEJzkET3IIWaAMMHsEzeAGv2pP2pr1rH/PWgpbPHIKF0r5+ADjapVQ=</latexit>

~v = ~va � ~vdet

<latexit sha1_base64="rk/CN4iqHMc0PHGSp+OU/VPOu9g=">AAACIHicbVDLSgMxFM3UV62vqksXBovgxjIjBXUhFN24rGAf0A5DJnOnDc08SDKFMszSH3HrVv/BnbjUT/ArTNtZ2NYDIYdz7iM5bsyZVKb5ZRRWVtfWN4qbpa3tnd298v5BS0aJoNCkEY9ExyUSOAuhqZji0IkFkMDl0HaHdxO/PQIhWRQ+qnEMdkD6IfMZJUpLTvm4NwKajrKb2e2Q7DxXnNQDlTnlilk1p8DLxMpJBeVoOOWfnhfRJIBQUU6k7FpmrOyUCMUoh6zUSyTEhA5JH7qahiQAaafTj2T4VCse9iOhT6jwVP3bkZJAynHg6sqAqIFc9Cbif143Uf6VnbIwThSEdLbITzhWEZ6kgj0mgCo+1oRQwfRbMR0QQajS2c1twZPhQvoSZyUdjrUYxTJpXVStWvX6oVap3+YxFdEROkFnyEKXqI7uUQM1EUVP6AW9ojfj2Xg3PozPWWnByHsO0RyM718sTaRy</latexit>

Relative velocity of the axion flow and detector

Detector velocity


~vdet = ~vJ + ~ve+ ~vU

<latexit sha1_base64="qEMb0YWJuV3B4Qmvyz1thZHbODk=">AAACNXicbVDLSgMxFM34tr6qLt0EiyAIZUYK6kIQ3bisYFVoy5DJ3KnBzGRI7hTKMD/ij7h1q3/gwp24cOMvmLaj+DoQODnnPpITpFIYdN0nZ2Jyanpmdm6+srC4tLxSXV27MCrTHFpcSaWvAmZAigRaKFDCVaqBxYGEy+DmZOhf9kEboZJzHKTQjVkvEZHgDK3kVxudPvC8X/h5CFgcft06geipUGFR2Sk1+CR+y6/W3Lo7Av1LvJLUSImmX33rhIpnMSTIJTOm7bkpdnOmUXAJRaWTGUgZv2E9aFuasBhMNx/9rqBbVglppLQ9CdKR+r0jZ7ExgziwlTHDa/PbG4r/ee0Mo/1uLpI0Q0j4eFGUSYqKDqOiodDAUQ4sYVwL+1bKr5lmHG2gP7bQ4XBtIkOLig3H+x3FX3KxW/ca9YOzRu3ouIxpjmyQTbJNPLJHjsgpaZIW4eSW3JMH8ujcOc/Oi/M6Lp1wyp518gPO+wfM3a1z</latexit>

hf = mac
2

 
1 +

~v2a + ~v2J � 2~va·~vJ

2c2
+

(~vJ � ~va)·(~ve + ~vU )

c2

!

<latexit sha1_base64="ioket/LuLKzlIC/lfQ4Ht8eM8cY="></latexit>

df

dt
= f0

✓
(~vJ � ~va)

c2
·
✓
d~ve
dt

+
d ~vU
dt

◆◆

<latexit sha1_base64="z+cHpL+HR/mB5qdqBGy3pgUnWNE="></latexit>

O(10-6) f0 =
mac2

h

<latexit sha1_base64="u0O1kPY7cCsdVCxJySj9ZGX6jfU=">AAAB/XicbVDLSsNAFL3xWesrPnZugkVwVZJSUBdC0Y3LCvYBbQyT6aQdOjMJMxOhhuKvuHGhiFv/w51/47TNQlsPXDiccy/33hMmjCrtut/W0vLK6tp6YaO4ubW9s2vv7TdVnEpMGjhmsWyHSBFGBWloqhlpJ5IgHjLSCofXE7/1QKSisbjTo4T4HPUFjShG2kiBfRgF7mU3kghnPED4vjLOBuPALrlldwpnkXg5KUGOemB/dXsxTjkRGjOkVMdzE+1nSGqKGRkXu6kiCcJD1CcdQwXiRPnZ9Pqxc2KUnhPF0pTQzlT9PZEhrtSIh6aTIz1Q895E/M/rpDo69zMqklQTgWeLopQ5OnYmUTg9KgnWbGQIwpKaWx08QCYKbQIrmhC8+ZcXSbNS9qrli9tqqXaVx1GAIziGU/DgDGpwA3VoAIZHeIZXeLOerBfr3fqYtS5Z+cwB/IH1+QNCCpUh</latexit>



Calculate the frequency shift of an axion 

Naive model for dark matter: radial infall (618,0,0) (618 km/s is the 
escape velocity from our location)

df

dt
= f0

✓
(~vJ � ~va)

c2
·
✓
d~ve
dt

+
d ~vU
dt

◆◆

<latexit sha1_base64="z+cHpL+HR/mB5qdqBGy3pgUnWNE="></latexit>

Ecliptic angle = 60 degrees

Earth axis angle = 37 degrees

d~ve
dt

⇡ ±ver̂±ve cos 60��±ve sin 60�ẑ

3months

<latexit sha1_base64="kyf97OrdSmNPP2xXXEc2K4NRHQI="></latexit>

d ~vU
dt

⇡ ±vU r̂±vU cos 37��±vU sin 37�ẑ

6 hours

<latexit sha1_base64="j3So974+NC0RiF17aFS0u69+n1U="></latexit>

At a frequency of 692 MHz, how far does the signal shift in 8 minutes?

Ve = 30 km/s
VU = 0.3 km/s

V = 220 km/s

Va = (618,0,0)
V = (0,220,0)



Calculate the frequency shift of an axion 

Naive model for dark matter: radial infall (618,0,0) (618 km/s is the 
escape velocity from our location)

df

dt
= f0

✓
(~vJ � ~va)

c2
·
✓
d~ve
dt

+
d ~vU
dt

◆◆

<latexit sha1_base64="z+cHpL+HR/mB5qdqBGy3pgUnWNE="></latexit>

Ecliptic angle = 60 degrees

Earth axis angle = 37 degrees

d~ve
dt

⇡ ±ver̂±ve cos 60��±ve sin 60�ẑ

3months

<latexit sha1_base64="kyf97OrdSmNPP2xXXEc2K4NRHQI="></latexit>

d ~vU
dt

⇡ ±vU r̂±vU cos 37��±vU sin 37�ẑ

6 hours

<latexit sha1_base64="j3So974+NC0RiF17aFS0u69+n1U="></latexit>

At a frequency of 692 MHz, how far does the signal shift in 8 minutes?

Ve = 30 km/s
VU = 0.3 km/s

V = 220 km/s

Va = (618,0,0)
V = (0,220,0)

54.1 mHz



Coupled oscillators

V =
m

2

✓
g

La
x2
a +

g

Lb
x2
b +

k

m
(xb � xa)

2

◆

<latexit sha1_base64="gCYZat3DDvbbeI/DVULWd1VECEA="></latexit>

V =
m

2
(xa xb)

✓ g
La

+ k
m � k

m

� k
m

g
Lb

+ k
m

◆✓
xa

xb

◆

<latexit sha1_base64="HOPp/GRgLr5yxuLtIKOCcIKwDVc="></latexit>

Can describe the total potential energy as

Matrix is real and symmetric and so orthogonally 
diagonalizable

Pendulum 1: Axion

Pendulum 2: Photon

Weak spring: axion-photon coupling

Θ1 Θ2
l1

L2

K

m1 m2

Pendulum 1: Electron neutrino

Pendulum 2: Tau neutrino

Weak spring: mixing angle

Axion Case

Neutrino Case



Coupled oscillators

V =
m

2

✓
g

La
x2
a +

g

Lb
x2
b +

k

m
(xb � xa)

2

◆

<latexit sha1_base64="gCYZat3DDvbbeI/DVULWd1VECEA="></latexit>

V =
m

2
(xa xb)

✓ g
La

+ k
m � k

m

� k
m

g
Lb

+ k
m

◆✓
xa

xb

◆

<latexit sha1_base64="HOPp/GRgLr5yxuLtIKOCcIKwDVc="></latexit>

✓
xa

xb

◆
=

✓
cos ✓ sin ✓
� sin ✓ cos ✓

◆✓
x1

x2

◆

<latexit sha1_base64="qjm2prBH24wdEc0n/x9PdJoQ8Wg="></latexit>

Can describe the total potential energy as

Matrix is real and symmetric and so orthogonally 
diagonalizable

There exists an angle theta such that 

We call this the mixing angle.

V =
m

2
(x1 x2)

✓
�1 0
0 �2

◆✓
x1

x2

◆

<latexit sha1_base64="fKPhSzyyqXq3c0FBt7lE7w6/3nE="></latexit>

p
�1

<latexit sha1_base64="eXtyjDNAHOPh9Fto6Jl1OOL9kPs=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiQiqLuiG5cV7AOaECaTSTt0Mokzk0IJ/RM3LhRx65+482+ctllo64GBwzn3cO+cMONMacf5tipr6xubW9Xt2s7u3v6BfXjUUWkuCW2TlKeyF2JFORO0rZnmtJdJipOQ0244upv53TGViqXiUU8y6id4IFjMCNZGCmzbU09SFx43kQgH7jSw607DmQOtErckdSjRCuwvL0pJnlChCcdK9V0n036BpWaE02nNyxXNMBnhAe0bKnBClV/ML5+iM6NEKE6leUKjufo7UeBEqUkSmskE66Fa9mbif14/1/G1XzCR5ZoKslgU5xzpFM1qQBGTlGg+MQQTycytiAyxxESbsmqmBHf5y6ukc9FwLxs3D5f15m1ZRxVO4BTOwYUraMI9tKANBMbwDK/wZhXWi/VufSxGK1aZOYY/sD5/AMMFk8I=</latexit>

p
�2

<latexit sha1_base64="keOvu6/eOY528NaJPRH9fIOkywo=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiSloO6KblxWsA9oQphMpu3QySTOTAol9E/cuFDErX/izr9x2mahrQcGDufcw71zwpQzpR3n2yptbG5t75R3K3v7B4dH9vFJRyWZJLRNEp7IXogV5UzQtmaa014qKY5DTrvh+G7udydUKpaIRz1NqR/joWADRrA2UmDbnnqSOve4iUQ4qM8Cu+rUnAXQOnELUoUCrcD+8qKEZDEVmnCsVN91Uu3nWGpGOJ1VvEzRFJMxHtK+oQLHVPn54vIZujBKhAaJNE9otFB/J3IcKzWNQzMZYz1Sq95c/M/rZ3pw7edMpJmmgiwXDTKOdILmNaCISUo0nxqCiWTmVkRGWGKiTVkVU4K7+uV10qnX3Ebt5qFRbd4WdZThDM7hEly4gibcQwvaQGACz/AKb1ZuvVjv1sdytGQVmVP4A+vzB8SKk8M=</latexit>

x1 and x2 are normal modes which 
oscillate with frequencies

Θ1 Θ2
l1

L2

K

m1 m2



Coupled oscillators
• Axion field and the cavity are like two coupled oscillators


• Generalized coupled oscillator problem:


• Neutrino oscillation


• Coupled circuits


• Two pendula with weak spring

Let’s open and run the Jupyter notebook!

Notice that the max transfer of energy is when theta = 45 degrees.

In the axion example, this corresponds to having the cavity on resonance!



Thanks everyone!

Other questions?


